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From an analysis of the specific heat of one of the cuprate superconductors it is shown that even if a large
part of the experimental specific heat associated with the superconducting phase transition is due to fluctua-
tions, this part must be counted when one tries to extract the condensation drglgy, from the data.
Previous work where the fluctuation part was subtracted has resulted in an incorrect estim&tiggy of
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In conventional metals superconductivity has been underand a non-singular part. The universal singular part is more
stood to result from an effective attractive interaction be-sensitive to collective long-wavelength fluctuations, while
tween electrons. This simultaneously causes a reduction dfie non-singular part is dominated by short distance micro-
the interaction energy and an increase of the kinetic energ§copic pairing correlations.” Subtracting the fluctuation led
when the material becomes superconducting. For fiigsa-  CKA to a value of the condensation energy which was 40
perconductors, and in particular for the cuprate family, it hagimes smaller than the value obtained in Refs. 4-6.
been proposed that the opposite situation could exist, where Here we demonstrate that the analysis of CKA was inter-
the superconducting state is accompanied by a reduction @rlly inconsistent. If carried out correctly, the subtraction of
the charge-carrier kinetic enerdy* Experimental investiga- fluctuation energy makes only a factor of 2 to 3 difference
tions of the kinetic-energy component perpendicular to theeompared to Refs. 4—6. Moreover, we show that it is over-
Superconducting p|anes of the Cuprate th}'superconduct_ Wh6|m|ng|y natural to count also the fluctuation contribution
ors have previously demonstrated that the kinetic-energy rdh the condensation energy.
duction perpendicular to the layers is far too small to account The condensation enerdycong is the internal energy of
for the condensation enery® which ruled out interlayer the equilibrium phase relative to the internal energy of the
tunneling(ILT) as a mechanism of superconductiVity? Al- normal state. The former is the experimentally observed
though evidence was subsequently repdrtétithat the phase, which is superconducting fo<T., whereas the lat-
c-axis kinetic energy is reduced in the superconducting statter corresponds to the state where all superconducting corre-
in a number of cases, the amount of energy is orders-oflations have been suppressed in the sense that the two-
magnitude smaller than earlier estimates of the condensatid¥article correlation function tends to zero as a function of the
energy*~® “center-of-mass” variable over a range no greater than a few

Later experiments have identified two contributions to thetimes the interparticle spacing. In the remainder of this paper
internal energy of cuprate Superconductdi$:|:rom a re- we will use the subindex to indicate the thermodynamic
analysis of inelastic neutron-scattering data it was concludeguantities corresponding to this normal state. In any super-
that theab-plane spin-correlation energy was lowered by anconductor long-range phase coherence is only preserit for
amount which may be sufficient to account for the conden<<Tc. In BCS theory long-range phase coherence and pair
sation energy? and(ii) an even larger lowering afb-plane  correlations become nonzero simultaneously fosT,.
kinetic energy was measured with optical spectros¢dpy. Knowledge of equilibrium and normal specific heat fbr
Since spin correlations result from exchange interactions< T then suffices to determinE,,q. On the other hand,
which in turn reflect the spin-dependent virtual motion of pair correlations can, in principle, still exist for temperatures
electrons, these two channels of condensation energy m;gbove the transition temperature, and indeed such correla-
have at least in part the same microscopic origin. tions are often associated with the pseudogap phenomenon in

However, the analysis providing the condensation energyinderdoped cuprates. A measurement of the internal energy,
from specific data has been questioned in 1999 by Chakraeleased when the superconducting state is formed out of the
varty, Kee, and Abrahansghereafter CKA, who stated that normal state, should now also include the pair correlations
“the attempt to extract the condensation energy from thewhich already exist above the superconducting phase transi-
specific heat data runs into ambiguity, except within a mearion. Since our discussion is most easily formulated in terms
field treatment. In the presence of fluctuations, superconducef the entropy, let us remind the reader that the entropy fol-
ing correlations, which can primarily be of in-plane origin, lows uniguely from the specific heat according to the relation
contribute to the energy and significantly to the specific heat
of the normal state.” In order to resolve this ambiguity, CKA TC(T)

) ; S(T)y=| —=dT. (1)
proposed to “subtract the fluctuation effects and to use the fo T’
remainder as an effective specific heat from which to extract
the c-axis contribution to the condensation energy. The ratiodf the temperature dependence of the specific heat is known
nale is that free energy can be decomposed into a singulam equilibrium and in the normal state, the free- and internal
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150 the “subtracted” value of the condensation energy to the
decrease of the-axis kinetic energy in the superconducting
state,5K. Finally they use the standard relatiolt* between
100 oK and thec-axis penetration deptk,,
é c®  me?d? K ©
o - 8\Z  2AdRZT
5
E 5o} Their resulting estimate of . is much larger than the value
© Ne=1 um derived previously in the context of ILT. Vice
versa, the implication was that the condensation energy is
- approximately 40 times smaller than earlier estimates, which
% 100 150 had not corrected the specific heat for the singular part.

Temperature (K) The main source of this huge difference is the difficulty in
determining the “normal” thermodynamic quantities. The
FIG. 1. Circles: Electronic specific-heat data of TI2201. Dashedexperimental questions include not only how but also
curve: Singular(fluctuation contribution, parametrized a8,y  whetherthe “normal” state can be reached as a function of
=g./t, where t=[1-T/T| (T.=79K,g,=2.38g =0.74).  temperature, or indeed anything else, in other words, whether
Solid curve: Electronic specific heat with the singular contributionor not a parameter exists that can be tuned to lower the
subtracted. energy of the normal state below that of the equilibrium su-
perconducting state so that it can be accessed without losing
energy differences can be calculated directly using the relaits fundamental character. Quite generally such a parameter
tions does not always have to exist. For a weak-coupling super-
conductor a magnetic field would suffice. In most cuprate

* , , , superconductors the required magnetic fields are beyond ex-
Fo(M=F(M)= JT [Sa(T")=S(T)]dT", 2) perimental reach, but Zn ions substituted for planar Cu may
serve as an alternative for suppressing
o superconductivity”*®19 However, for the cuprates there is
E(T)—E(T)= L [C(T")—Cx(T")]dT". 3 reason to believe that several “normal” states are competing

with the superconducting on@.g., stripe, flux-phase, nor-
The integration limits ensure that lim_F(T)=F(T) and mal). In this case the fieldor Zn doping required to mute
. . T __superconductivity could be enough to rearrange the order
lim,_ E(T)=Ex(T), in accordance with the assumption peqyeen these “normal” states, thus revealing the “wrong”
that for T— all superconducting correlations vanish. Theone when superconductivity gets suppressed. Thus we are
condensation energy corresponds to the zero-temperature erenfronted with the difficult situation that the normal-state
ergy differenceE.,,q=En(0)—E(0)=F,(0)—F(0). This  entropy is not an experimental quantity and can only be de-
positive energy can be obtained either by integrating théermined based on theoretical considerations and/or by ex-
specific-heat difference trapolating the normal-state dependence as was indeed done
in Ref. 1, providing us, as we have seen, with estimates of
condensation energy differing by a factor of 40.

However, the situation isn’t as bad as it looks. We can use
our knowledge of thermodynamics to constrain the possible
or by integrating the entropy difference behavior ofS,(T): Both S(T) andS,(T) are subject to the

2d and 3 law of thermodynamics. We can also use the
_ [~ _ reasonable assumption that for temperatures high enough, all
Econg fo [SH(T)=S(T)]dT. © superconducting correlations cease to exist, cauSjrandsS
_ to become equal in that limit. The circumstance tR&T)
The fact that Eq(4) and Eq.(5) should give the same value corresponds to the equilibrium state implies that for any tem-

provides, as we w_iII see, an impolrtant cpr_lsistency CheCkperaturan(T) has to be larger thaR(T). The correspond-
CKA (Ref. 1) questioned the analysis providing the conden—ing constraints on the entropy are, in the same order,
sation energy, and provided a different analysis where a

Econd= f:[qn—cn(mm (@

Gaussian fluctuation contribution was subtracted from the ds,/dT>0,

experimental data. In Fig. 1 the fit obtained by CKA to the

specific heat of TI2201 to two-dimensional Gaussian fluctua- $x(0)=S(0)=0,

tion plus nonsingular parts is reproduced. We will indicate S, ()= S(o0)

with an asterisk thermodynamic quantities from which the '

fluctuations have been subtracted. CKA calculated both re- T T

sults with [E,(0)—E*(0)=25 mJ/gaff and without fo Sy(THdT'= fo S(T")dT' +Econg- (7)

[EL(0)—E(0)=825 mJ/g af. subtracting the singular part.
The latter corresponds to the earlier estimates in Refs. 4—@n Fig. 2 the entropy is plotted as a function of temperature.
Following the basic idea of the ILT theory, CKA now equate The condensation energy in this plot corresponds to the area
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FIG. 2. Experimental entropy versus temperature. Dashed curve: F|G. 4. Circles: Normal-state entropy minus experimental en-

Normal entropy withy=0.576 mJ/G at. K tropy. Solid curve: Singular contribution to the entropy. Dashed
curve: “Normal” entropy S (T), minus the corrected entropy

between the equilibrium entrogy3(T): circles| and the nor-  S*(T).
mal entropy[ S,(T): dashed curvke A condensation energy
which is 40-times smaller than the earlier estimates of the
condensation ener8y? would require that the area enclosed
by S,(T) and S(T) is also 40-times smaller than in Fig. 2.
Due the constraints of Eq7), S,(T) would almost coincide o
with S(T). S,(T) then has a sharp bend&t, which would Econd:J [SH(T)—S(T)]dT—co.
correspond to a pathological phase transition of the normal 0
state in close proximity to the real superconducting phasehis inconsistency does not arise in the earlier estimates of
transition. the condensation enerdy® The fact thatS,(T) and S(T)

Let us now return to the analysis by CKA. If we calculate merge abovel, in Fig. 2 guarantees that the same value of
the entropy by integratin€* (T)/T with the singular part E___,is obtained with the two different formulas.
subtracted, we obtain the curve indicated with circles in Fig. Following a recent suggestion by Abrah&fhthe CKA
3. Above the phase transiti3f (T) approaches a linear tem- analysis can be improved by adopting a specific-heat expo-
perature dependence with a negative offset, given bwent s different from 1 belowT,. We must also take into
S*(T)=yT—S,. We notice that the corrected entropy account that the entropy above foF>T. approaches
S*(T) and the normal entropy do not merge abdye caus-  S*(T)=yT—S,. A simple analytical expression with these
ing the integralE},,¢=[o[Sa(T) —S*(T)]dT to diverge. two properties is
We see that subtracting the singular part has the effect that
two procedures by which the condensation energy can be
calculated provide opposite results:

Econd= fOJ[C(T)—Cn(T)]dT= 25 mJ/g at.,

n
1+

ST =Sof | 14| -

1/n
- 1] . (8)

We have tried to fit different values fay. If we chooser

=2.5 the “normal” entropyS} (T) becomes smaller than the

<] experimentally measure®(T) for temperatures below 40 K.

< 60t T8 . Although such a possibility cannot be excluded by the ther-

ks R o ] modynamical constraints of E¢7), from a microscopic per-

2 ol spective it looks suspicious that the entropy of tgapped

£ S | superconducting state could exceed that of the normal state.

’ ‘ To avoid this, we have adopted the valge: 2.0. The best fit

in the region betweeff. and 110 K was obtained witB,

=34.85 mJ/g at. K and’ (=50 K. In Fig. 3 we display the

singular contribution to the entropSs;,4(T), the corrected
— . entropy S*(T) =S(T) — Ssing(T), and the normal-state en-

0 50 100 150 tropy S¥(T). Note that if indeed it would be justified to

Temperature (K) subtract the singular contribution, the presence of a negative

offset in the entropy implies that this “normal” state would

W———————————

FIG. 3. Circles: Corrected entropy versus temperaiéT) s
=S(T)—Sqing(T), following the procedure of Ref. 1 where the have a pseudogafpl. '
singular contribution was subtracted. Dashed curve: Normal en- N Fig. 4 we display botts,(T)—S(T) and the quantity
tropy, Sy(T), same as in Fig. 2. Dotted curve: “Normal” entropy, Which corresponds to the improved version of the CKA
Sk (T), fitted to theT>T, region of the corrected entropy curve. analysis,S; (T)—S*(T). We see that with the improved
Solid curve: Singular contribution to the entrofyin(T). CKA analysis the difference entropy between the normal and
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15— analysis, we have displayed in Figs. 3-5 its contribution to

the entropy and the free energy. We see that the fluctuation
entropy has a conspicuous stepTat, which indicates that
these fluctuations are intimately connected to the supercon-
ducting phase transition. The fact that the fluctuation specific
heat is strongly peaked at the phase transition implies that
there is an additional reduction of the internal energy due to
the fluctuation contribution. Hence it would seem to be over-
whelmingly natural to count this part when one estimates the
energy by which the superconducting state is stabilized rela-
tive to competingnonsuperconductingphases.

In conclusion, we have shown that in the original analysis
of CKA, i.e., subtraction of a fluctuation contribution to the
specific heat, a corrected entropy beldwwas used which
does not match the value used abdve This internal in-
consistency was the main reason why the condensation en-
ergy was estimated a to be factor-of-40 smaller than the
value obtained in earlier publications. This problem could
) . have been fixed by letting the specific-heat exponent be less
superconducting states indeed becomes zero abpveVe  han one at low temperatures. We have repeated the CKA
carried the analysis of the specific heat one step further, a%alysis with this fix, resulting in a condensation energy
calculated the free-energy difference curves. These are digghich is ten times as large. However, it seems overwhelm-
played in Fig. 5. The corrected CKA analysis thus provides g1y natural to include the contribution of the fluctuations in
condensation energy of 0.35 J/g at. '_I'h|s \{alue is _about 30%e analysis, because experimentally the fluctuation contribu-
of the condensation energy from direct integration of thejon, tg the internal energy appears to be intimately linked to
total entropy of Fig. 2 which giveB.,ng=1.3 J/gat. We see e syperconducting phase transition. This results in a con-

that even if it would be justified to subtract the fluctuations,yansation energy of approximately 1.3 J/g at. for optimally
the correct analysis would still reduce the condensation by foped TI2201.

factor of 2 or 3, not by a factor of 40 as stated in Ref. 1.

However, removing the singular contribution from the ex- We gratefully acknowledge stimulating discussions with
perimental data comes with a penalty: As a reminder that &. A. Moler, S. Kivelson, J. Zaanen, S. Chakravarty, H.-Y.
fluctuation contribution has been subtracted in the CKAKee, and E. Abrahams during the preparation of this paper.
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FIG. 5. Integrated entropy differences of Fig. 4. Circles:
Jo[SH(T")—S(T")]1dT'. Dashed curvef[Sk(T')—S*(T')]dT".
Solid curve: Singular contribution to the free energy.
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[YBay(Cu_,Zn,)30g o5 reveals aT independentC(T)/T to

low temperatures with no indication of a pseudogi@pf. 18. In
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above. This suggests that Zn doping has little effect on the
normal-state electronic specific heat and provides a good ap-
proximation to the underlyin@€(T) of the non-Zn-doped mate-
rial.
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